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Abstract: In this paper two double integrals involving product of two I-Functions
of one variable are established by using Mellin Transform. Special cases in-
clude the results of Prabha Singh[4].
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1 Results used

The following well known results are used in the proofs of the main results without explicit
reference. Here and also elsewhere in the paper the symbol Rz shall denote the real part of

the complex number z.

1.  ForRy > 0, Ry < —Rvy + 1 we have (Erdelyi [1, p.350]),

* =1y py-1gy — LT =y — )
/1 2 (x—1)"""d T ) . (D

2. For 0 < Ru < RA we have (Erdelyi [2, pp.201-233]),

/yoo e =i =TT o o

3. For iy > 0,Rp > RNy we have,

= a1 —pg, _ FONT(p =) -
/0 27 (x4 y) Pdx = T(p) Yy’ P 3)
4. For0 < Rp <RNA, |arg?| < 7 we have,
/ R e .
y I'(A)
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2 Introduction

The I-function of one variable is defined by Saxena [5] in the following manner:

I(z)=1,"™" ‘ 1(ag, aj)nin+1 (@i, @ji)p;
PisqisT 1(1?],5])77177%4‘1 (b]zaﬁjz)ih
Hbeﬁg Hr1fa]+oz]€)
Loy Ml o
2 Jp r i -
IT ra—bsi+ 80 T Tlaji—az6)
=1 | jZm Jj=n+1

where the parameters defining the function satisfy the following conditions:
e pi(i=1,2,...,7),¢(: =1,2,...,r), m, n are integers satisfying
0<n<p; 0<m<q;
e 7 is finite;
e «j, 3;, aj; and Bj; are real and positive;
® aj, b;, aj; and b;; are complex numbers such that

a;(bp +v) # Bula; — 1 — k),
forv,k=0,1,2,...h=1,2,...,m,j=1,2,....n

e [ isacontour running from —ioo to +i00 in the complex £-plane such that the points

1—k
fzuv j:l,Z,...,n, /U:071727"‘
7]
b.
é‘:(J_‘_’U), j=12,....m, v=0,1,2,...
Bj

lie to the left hand and right hand sides of L.
Integral (5) converges absolutely in the £ —plane, if

i

ii. A>0,]argz| >, RB+1)<0

where A and B are defined as follows:

A= ZCK]‘FZBJ_IIEZ(TLXT Z aji + Z ﬁjz ) (6)

j=1 j=1 -7 | g=n+l Jj=m+1
. i )
55 SUED SN | P SR 1 N0
j=1 j=1 -7 |j=n+1 j=m+1
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3 Main results

In the next two subsections we present the main results of this paper which are two integral
formulas involving the product of two [-functions. Two special cases of each of these
integral formulas are also presented. One of these special cases is a result proved by Prabha
Singh [4].

3.1 Integral formula 1

The following formula is one of the main results of this paper.

- = n— m,n
/ /0 2Nz =y pisgisr
Y

I I
[uxp(;r —y)7z7° I; ] I%_:gﬂ [bz‘s Ii ] dxdz
b oy LN Ed Is
6
where
I = 1(aj,q5), s ne1(aji, ovi)p,
Iy = 1(bj, B5)m 3 m+1(bji, Bji)a,
I3 = 1(cj,vj) v 5 N+1(cjis Vi) P
Iy = 1(dj, 6;)nr 5 m+1(djiy 05i)Q;
nYy; o7%;
Is = (1= p,7)a (aj,05), 1 (¢ + Tja TJ)N3
v
N+1 (Cji + T];);ﬂ, ZJ2>P- yn+1 (ajia aji)pi) (>‘7 P)
nd; 0d;
Iﬁ:()‘_u7p+7)71(bj7/8j)m71 d]—i_i]aij )
575 )y,

775',‘ 0(5'2'
Ml (dji + 5” , 5J >Q. 1 (bjis Bji) g, -

The following are conditions of convergence:
i 0>0,p>0n>0~v>0,0>0, u>0, A>0,1=1,2,...,r.
. 0<R(u) < RA).

i, %(A—M—M> >0forj=1,2,...,n.

2]

iv. R (77 4 de=h) gij

g T)<0f0ri:1,2,~~-7N7j:1727""m'
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v. m(n+%)+”“*“l’)) >0fori=1,2,....,n,j=1,2,..., M.

[e7]
vi. %(u+%>>0,f0rj:1,2,...,m.
vii. Let A and B be given by Eq.(6) and Eq.(7) respectively.

(@) A>0,|argu| < %;
(b) A>0,|argul > =2, [R(B + 1)| < 0.

viii.  Define A’ and B’ by

N M [ P; Qi
SRDIUAD DUES* 1D DIRIESD DI )
j=1 i=1 o

j=N+1 j=M+1

M N [ P Qi PO

g A C_mi L Loyt x

b _-z:ldj Zlcj in | D s ) dit g =l (0
j= j=

j=N-+1 j=M+1
‘We must have

(@ A" >0, |argd| < ”TA/;
(b) A" >0, |argb| > ™, R(B' + 1) < 0.

Proof
Let

0o oo N
— — o A\s—=1_n=1 ymmn
A _/ /0 x (x y) z Ipzqu‘;?’
Y

5L M,N 5
I ] I Pz"Qi;T [bz
2

I
[u:cp(az —y)'z7 7 s

dxdz,
14

wherel, I, I3 and I are same as in (8). Express the I-function as a contour integral using
(5) and interchange the order of integrations. Then A becomes

1 : ué {/OO $p£—/\(x _ y)"/fﬂt—ldx}
271 L Yy
o I
{/ P gg [bz5 3 ] dz} 0(&)de, (11)
O k) (2

4
where (&) is same as in Eq.(8). Now being used Eq.(2) in Eq.(11) it can be reduced to:

X

b5 ua L[58 (e, ey AL VEOT == (p+9)6)}
5V 27ri/Lb YT T\ — pé)
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M N
LY LS S/ TS
HF@+5 5 gr1 5+t

- o - d¢. (12)
d 5 5 i g )
II F(l—dﬁ_n52+0§£> I1 F<Qr+n?z—agﬁ>
i=1 | j=M+1 j=N+1
Applying (5) in (12), the right hand side of (8) is obtained.
3.1.1 Special Cases
1. Thecaser =1
Eq.(8) reduces to:
R R 1,n-1
/ / N -yt H
Y 0
I I
uxf(x —y)Tz7° "\ H ;/[év b8 | dwdz
Ig ’ I4
b5t q (=) - I
= N iy 2 (13
1) ’ Is
where

I =1 (a4, 25),,,

Iz =1 (b5, Bj)q;

I3 = 1(ijVJ)P7

Iy =1(dj, 05)q
nY; o7,

I5 = (1 - M77)71 (a’]7aj)n; I(C] + TJ TJ)P’ n+1(a’j7aj)p7 (Aap)a

6; 0d;
IG = ()‘ - M?p+’7)71 (bj7l33)m 51 <dj + %7 (;) ; m+1(bj7/8j)q'
Q

The conditions of convergence are the following.

i 6>0,u>0A>0,v>0,0>0,p>0,n7>0.
i.  0<R(p) <R,
i, RO\ —p— 9@y S o forj=1,2,.. ..

a;
v. R+ Q*-J%)<Qmmz1ﬂ, ..... NG =1,2, s
v. R+ + o))y > 0, fori = 1,2, ey, j = 1,2, 00, M.
vi.  R(p+ )>Oforj—12
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2. Thecased =1
Eq.(13) reduces to the following.

oo oo )\
- —1_n—1 m,n
/ / x Ma—y)h 2" H Y
Y 0

I
[ux”(:z:—y)vza Il ] H%g [bz ’ ] dxdz
2
I
_ ZN) pymAM+1n+N+1 - 5
= by N H S T [W? yorte) I ] : (14)
where
I = 1(aj, ),
Iy =1 (bj, B)g
I3 = l(cjv'YJ)pa
Iy = 1(dj, 05)q »
Is = (1= p,7), 1(aj, 5),,, 1(cj +175,075) ps nt1(aj, aj),, (A, p),
Io = (A= p,p+ 7)1 (b5 Bj) > 1(dj +105,007) 5, m+1(bs, Bj),-

provided the conditions are similar to that of (13) with § = 1. (14) agrees with the
result given by Prabha Singh [4].

3.2 Integral Formula 2

The following formula is second main results of this paper.

> > A 1 1
[ erar @t
Yy
I M,N 5
1'2] IPz‘in;r bz

=n -
_ b7 (y+a) "N N lub—‘g(y+a)(v+p)

I3

u(z +a)f(z—y)'z°
Iy

]dw dz

I

5 Pit+Qi+2,qi+Fi+1r 5

] : 15)

where

I = 1(aj,05j)n ; n—l—l(aji?aﬂ)l’i’
Iy =1 (b, B5)m 5 m+1(bjis Bji)gis
I3 =1 (¢j, )N 3 N+1(cji, Vji)pis
Iy =(dj, 6;)n 5 m+1(dji, 656) Qs
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nd; od;

Is = (1= p,7)01 (a5, 05)n 1 (1 —dj — TJ, TJ)M;

ndi; 0bji
mM+1(1 = dji — 5ﬂ, 5JZ)Qim+1 (@ji; ji)pis (A, p),
i 9%
IG = (A — [, p+ 7)71 (b376j>m 51 (1 — ¢ — ij TJ)N ;

M 07

N+1(1 =i = == =) Pomet (bjis Bii)ai-
The following are conditions for convergence.
i. 0>0,p>0, 6d>0, n>0,fori=1,2,...,r,
ii. |arg ¥ <,
. 0 < R(p) <R,

iv. ROA—p— 0@y S0 forj = 1,2,
J

v. R+ el o@Dy oo fori=1,2,...,N,j=1,2,...,n,

Vi Qi

viio R(n+ 8 4oy S0 fori=1,2,...m. = 1,2,..., M,
j i

vil,  R(u+ L) > 0.forj =1,2,..,m.
J
viii.  Let A and B are given by Eq.(6) and Eq.(7) respectively.

(a) A>0,|arg u|<%,
(b) A>0,|arg u| > =, R(B+1)<0.

ix. Let A’ and B’ are given by Eq.(9) and Eq.(10) respectively.
(@) A" >0, |arg b| < ”TA/,

(b) A" >0, |arg b| > ™ R(B' +1) <0

Proof

Let

00 e’} N L )
_ — — — m,n
A — / / (.’E + a’) (.’E - y)” 277 Ipi,qi;'r

Y 0
L M,N s| I3
I . |bz
12 ] P;,Qqsr [

]dm dz

14
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wherely, Is, I3 and 14 are same as in Eq.(15). Express the first /-function as a contour
integral using Eq.(5) and interchange the order of integrations. Then A becomes:

L K { / T+ a) N o — y)'ywldx}

211 y
= n+oé—17p M,N s| I3
/ z IPi:QiV’ bz s dz » 6(§)dg, (16)
0 4

where (&) is same as in Eq.(5). Now being used (1.4) in (3.9) it can be reduced to:

b7 a1 ot o {T(u+vOTA—p—(p+ 7))}
o [ RO = p8) -

HF(d +— 05§>HF<1— —5'—0’?5>

d¢.  (17)
r Qs 8 004E i i o
(a2 -2%) i r (oo 75
i=1 |j=M+1 j=N+1
Applying Eq.(5) in Eq.(17), the right hand side of Eq.(15) is obtained .
3.2.1 Special Cases
1. Thecaser =1
We have
/ / (z+a) — )t L= le"
(o +ay(e—yyeo| 0| HMY (620 2 | dod
u\xr a X y)'z PQ z I4 raz
b5 (y+a) BN N+lntM+1 | -2 I5
- 5 riorhgipir  |ub”E (y+a)0t) wleoa
where
I =1 (aj, a;)p,
Iy =1 (b5, Bj)qs
Is =1 (¢j,7) ps
Iy =1 (dj, 05)q

né; od;
Is = (1_N)7)71 (a’j?aj)n 71( d _T 5 )Q? n+1(a37a])p7 (A p)
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o
Io = (0= p+ 7 (g B 1 (1= ¢ = T T (57, 8y),

The conditions of convergence are the following:
i 0>0,p>01n>0,0>0,0>0,e>0,¢>0.
ii. |argu| < 307, |argh| < 30'T,
iii.  0<RN(p) <R, |argZ| <,
iv. %(A—M—W)>O, forj=1,2,...,n

v R+ e oy 2o fori=1,2,.. N j=12....n

aj

Vi, §R(n+%ﬂ)+ 2y >0, fori=1,2,....m.j=12,....M.
2. Thecased =1
We have
<[ - - —1zym,mn
[ @ra eyt
Y 0
I I
u(z +a)f(z —y)'z7 ' HIJ‘D/I@N bz| | dadz
I ’ Iy
I
— m+N-+1,n+M — 5
= b7y +a) VSR [ub (v a7 Is ] B
where
I = 1(aj, aj)p,
I = 1(bj, Bj)g:
I3 =1 (¢5,75)p,
Iy = 1(dy753)Q
I = (1= p,7)51 (@, 05)n 51 (1 = dj —ndj,005)Qs n+1(aj, az)p, (A, p)
Is = (A=, p+7)51 (bj, Bi)m 51 (1 —¢j —175,0%) P sma1 (bj, Bi)gs

provided the conditions are similar to that of (3.11) with § = 1. Eq.(19) agrees with
the result given by Prabha Singh [4]
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